Measuring the complex admittance of a carbon nanotube double quantum dot 
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We investigate radio-frequency (rf) reflectometry in a tunable carbon nanotube double quantum 
dot coupled to a resonant circuit. By measuring the in-phase and quadrature components of the 
reflected rf signal, we are able to determine the complex admittance of the double quantum dot 
as a function of the energies of the single-electron states. The measurements are found to be in 
good agreement with a theoretical model of the device in the incoherent limit. Besides being of 
fundamental interest, our results present an important step forward towards non-invasive charge 
and spin state readout in carbon nanotube quantum dots. 
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An important requirement in any quantum informa- 
tion processing scheme is fast manipulation and readout 
of the quantum system in which the quantum informa- 
tion is encoded. This requires an understanding of the re- 
sponse of the quantum system at finite frequencies which, 
in the case of an electronic device, involves an under- 
standing of its complex admittance P, 0|. Of particular 
interest in the context of quantum information process- 
ing are double quantum dots which are widely used to 
define charge and spin qubits [3]. However, while double 
quantum dots have been investigated in detail over the 
last decade, experiments to measure and analyze their 
complex admittance have not yet been performed and 
this topic has only recently been addressed theoretically 
The admittance of quantum dots at finite frequen- 
cies is non-trivial as exemplified by recent experiments 
on single quantum dots (5|, Isj . The physics is even richer 
for double quantum dots as internal charge dynamics, 
i.e. charge transfer between the quantum dots, has to be 
taken into account. However, the dependence of the ad- 
mittance on the internal charge dynamics also provides 
a route towards charge and spin state readout [7]. 

In this work we present a detailed experimental study 
of the complex admittance of a carbon nanotube dou- 
ble quantum dot which is measured using rf reflectom- 
etry techniques. The measurements are compared with 
a theoretical model of the device where we use a den- 
sity matrix approach to calculate the double quantum 
dot admittance. The good quantitative agreement be- 
tween the experimental and theoretical results allows us 
to determine the effective conductance and susceptance 
of the double dot as a function of the energies of the 
single-electron states. Our measurements thus present a 
first quantitative analysis of the complex admittance of 
a double quantum dot. The demonstrated technique also 
provides the basis for a simple and fast detection scheme 
for charge and spin state readout in carbon nanotubes - a 
material with considerable potential for spin-based quan- 
tum information processing IsMlSl - without the need for 
a separate charge detector |l4j . 

The device we consider is a carbon nanotube grown by 
chemical vapour deposition on degenerately doped Si ter- 
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Figure 1: (a) (color online) Schematic of the carbon nano- 
tube double quantum dot and resonant circuit. The device is 
connected to a 50 transmission line for the rf reflectometry 
measurements. A dc signal is applied via a bias-tee. (b) Mea- 
sured amplitude and phase response for the resonant circuit 
relative to the transmission line background. 



minated by 300 nm Si02, see Fig. 1(a). The nanotube is 
contacted by Au source and drain electrodes which form 
the outer tunnel barriers of the quantum dots. A capaci- 
tively coupled top gate, separated from the nanotube by 
~ 3 nm AlOa^, is used to define a tunable coupling be- 
tween the dots while two plunger gates vary the energies 
of the dots. The nanotube device is embedded in a reso- 
nant circuit consisting of a parasitic capacitance C = 2.5 
pF and on-chip inductor L = 180 nH [15]. The circuit has 
a resonance frequency /o ~ 236 MHz and loaded quality 
factor Q ~ 1/Zoy^LjC ~ 5.4, where Zq = 50 Q is the 
characteristic impedance of the transmission lines, see 
Fig. 1(b). We note that higher quality factors {Q ^ 30) 
were readily obtained on nanotube devices grown on un- 
doped Si and quartz substrates. A highly doped Si sub- 
strate is used here because of its convenience as a back 
gate. 

The nanotube device is characterized by dc transport 
measurements and rf reflectometry in a dilution refrigera- 
tor with a base temperature T ~ 40 mK. The dc signal is 
applied via a bias-tee while the rf excitation is directed to 
the source electrode of the double quantum dot through 
the coupled port of a directional coupler, connected to 
the sample holder via a stainless-steel semi-rigid coaxial 
line, see Fig. 1(a). The reflected signal is sent back via a 
cryogenic preamplifier which is thermally anchored at 4 
K, followed by room temperature amplification and de- 
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Figure 2: (a) Schematic of the carbon nanotube double quan- 
tum dot device. The rf signal is applied to the right electrode. 
(b,c) Demodulated response of the resonant circuit as a func- 
tion of Vl and Vr. In each plot the background signal mea- 
sured inside a stable charge region is subtracted. The top gate 
voltage is set to Vt = V. The back gate voltages are Vhg — 5 
V and Vhg = —0.18 V in (b) and (c), respectively, (d) Mea- 
sured rf signal (right) and dc current (left) for a triple point 
pair in the presence of an applied bias Vsd = 1 mV. The full 
scale of the dc current represents 150 pA. 



modulation by mixing with the reference signal. We drive 
the resonator at its resonant frequency with an amplitude 
at the double dot Vrf ~ 10 /ieV. Depending on the en- 
ergies of the quantum dots, the oscillating potential on 
the source electrode may induce charge transfer (tunnel- 
ing) between the electrodes and the quantum dots and/or 
redistribution of charge between the two dots. The re- 
sulting oscillating current will generally have both out-of- 
phase and in-phase components with respect to the driv- 
ing voltage which give rise to a resonance frequency shift 
and damping of the resonator. The response of the dou- 
ble quantum dot is thus characterized by a complex ad- 
mittance which can be deduced by measuring the phase 
and amplitude of the reflected rf signal. 

We first determine the various energy scales of the dou- 
ble quantum dot by measuring the dc and rf response as 
a function of the side-gate voltages Vl and Vr which 
modulate the left and right quantum dot energies, re- 
spectively, see Fig. 2. For simplicity in-phase and out-of- 
phase components of the rf response are shown together 
here (i.e. the demodulated signal is sensitive to both am- 
plitude and phase). The nanotube device is fully tunable 
by the top Vt and back gate Vhg voltages. The stability 
diagram of Fig. 2(b), for example, illustrates the situ- 
ation where the two quantum dots are fully decoupled: 
no dc current could be detected but a strong rf response 
is observed at charge transitions of the right quantum 
dot. For more positive back gate voltages, the stability 
diagram evolves into a honeycomb pattern that is charac- 
teristic of the double quantum dot investigated here. At 



finite bias Vsd = 1 mV, bias triangles are observed at the 
triple points in both the dc and rf response, see Fig. 2(d), 
which allows us to extract the characteristic energy scales 
of the double quantum dot. We obtain charging energies 
Ul ^ 6.5 meV and Ur ^ 5 meV for the left and right 
quantum dots, respectively, and an inter-dot electrostatic 
coupling energy = 0.6 meV. The analysis also allows 
us to deduce the various geometric capacitances of the 
device [16]. We did not observe any obvious four- fold pe- 
riodicity in the stability diagrams, an indication that the 
orbital degeneracy of the nanotubes is broken 17, isj . 

To determine the complex admittance of the nanotube 
device we measured the in-phase and quadrature com- 
ponents of the reflected signal for the double quantum 
dot which allows us to extract the amplitude and phase 
information, see Fig. 3(a) and (b). The observed phase 
shifts A<l>, relative to the phase measured inside a sta- 
ble charge region, are strongest at the (n, m) — (n, m + 1) 
charge transition, with a signal of about half the strength 
observed at the internal (n + l,m) — (n, m + 1) charge 
transition. The amplitude shifts on the other hand are 
concentrated around the triple points. Using standard 
circuit analysis [19], the measured phase signal at res- 
onance can be related to a change in capacitance as 
A^/AC - 2Q/C, where C = 2.5 pF for the circuit con- 
sidered here. At the (n, m) — (n, m + 1) charge transition, 
for example, the measured phase shift of ~ 0.18 degrees 
implies AC = 0.74 fF. Note that this is several orders of 
magnitude larger than the geometric capacitances of car- 
bon nanotube quantum dots which are typically in the 
aF range. The amplitude modulation is related to the 
double dot resistance R vid. A\r\/\T\ = 2Q'^Zo/K The 
measured damping A|r|/|r| ~ 0.2% at the triple points 
therefore implies R ^ 1.5 MQ which is in agreement with 
dc conductance measurements. 

In the following we compare the experimental results 
with a theoretical model of the device, the full results of 
which are shown in Fig. 3(c) and (d) which show the real 
{R~jj) and imaginary iCeff) part of the admittance as 
a function of the energies of the quantum dots' single- 
electron states. We model the the admittance measured 
at the source electrode using a master equation approach 
similar to Ref. ^ . We take into account all relevant many 
body states, i.e. for Fig. 3(c) and (d) the empty state and 
all one and two electron states. For a given set of gate 
voltages Vl , Vr we obtain the steady state density ma- 
trix at zero bias. We then calculate the current flowing 
into the source electrode as a linear response to a peri- 
odic driving of the source potential. This enables us to 
deduce the double quantum dot admittance at the source 
electrode. We assume that the driving frequency is too 
small to induce transitions between quantum dot eigen- 
states and we therefore treat the perturbation as adia- 
batic. The current into the source has two contributions: 
the particle current due to tunneling from the source to 
the left dot and the displacement current induced on the 
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Figure 3: (a) Measured phase shift of the carbon nano- 
tube double quantum dot device, (b) Measured amphtude re- 
sponse, (c) Calculated effective capacitance and phase shift of 
the double quantum dot. The parameters used for the model 
calculations are T = 80 mK. U' = 0.6 meV, t = 40 /xeV, 
(jUq — 1.2 GHz, 7l = 0.157k. (d) Calculated conductance 
and damping for the same parameters as used in (c). 



source capacitance by the tunneling induced redistribu- 
tion of charges on the quantum dot. We include spin 
relaxation as well as phonon assisted tunneling between 
the left and the right dot. Overall, we obtain good agree- 
ment with the experimental results as demonstrated by 
Fig. 3. 

For a physical understanding of the results (and the 
model) it is instructive to consider several limiting cases. 
Let us first consider transitions between (n, m) and 
(n, m + 1) charge states such that direct charge transfer 
between the two electrodes (a dc current) and internal 
transitions of the double quantum dot can be neglected. 
An oscillating potential VRF{t) on the right electrode 
modulates the energy difference 5e{t) between the right 
quantum dot states and the Fermi energy of the lead as 
5e{t) = eo — eaVRF{t)^ where 6o is an offset, tunable with 
the plunger gates. The constant ea converts between 
voltage and energy and its value depends on the various 
geometric capacitances of the device [16]. As a results 
of the oscillating potential, charge moves back and forth 
between the right electrode and right quantum dot. De- 
pending on the ratio of the tunnel rate and angular 
driving frequency cjq, the induced current has both in- 
phase and out-of-phase components with respect to the 
voltage which can be expressed as a complex admittance 
Y{ujq) = R~^j^-\-juJoCeff- In the incoherent limit, i.e. for 
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As expressed by Eqs. (1) and (2), both the conductance 
and capacitance are dependent on the ratio of the tunnel 
coupling and angular driving frequency. In the trans- 
parent limit (7 ^ cjo), the effective capacitance can be 
approximated by Ceff ^ e^a^ /AksT . The conductance 
has a vanishing contribution, i.e. R^jf ^ 0, in both the 
transparent and opaque limit. This can be understood 
intuitively as for very large 7 electrons will tunnel on the 
quantum dot as soon as this is energetically possible and 
no energy is dissipated in the process. In the opaque 
limit, tunneling occurs out of equilibrium. However, as 
the probability of a tunnel event on the timescale of the 
driving frequency vanishes for weak coupling, no energy 
is dissipated either. Damping is therefore strongest in the 
intermediate regime where 7 ~ a;, as recently observed 
for single-electron tunneling devices coupled to electrical 
2QI . 2i| and mechanical [22.] resonators. 

We can compare these predictions with the experi- 
mental data obtained on the carbon nanotube double 
quantum dot. Using a ^ 0.35, as determined from dc 
transport experiments, we obtain quantitative agreement 
between the experiment (A<l> ~ 0.18 degrees) and the 
change in capacitance predicted by Eq. 2 for the (n, m)- 
(n,m + 1) transition, if we assume an effective electron 
temperature T ~ 80 mK [2^. This is somewhat larger 
than the base temperature of the dilution fridge, most 
likely due to heat loading of the device by the coaxial 
cables. The estimate of the effective capacitance at the 
(n,m)-(n + l,m) transition, i.e. due to charge transfer 
between the left lead and left dot also follows Eq. 2. How- 
ever in this case, the prefactor is much smaller a ~ 0.05 
reflecting the weak coupling between the left quantum 
dot and the right electrode at which the rf signal is 
applied. Since the expected phase shift ex the re- 
sponse along this line is too weak to be detected. We 
observe a very weak amplitude modulation along the 
{n^m)-{n^m -\- 1) charge transition, A|r|/|r| ~ 0.05%, 
most clearly observed in the top half of Fig. 3(b). This is 
consistent with damping due to out-of-equilibrium tun- 
neling and in agreement with the theoretical calculations 
of the effective conductance shown in Fig. 3(d). The fact 
that the signal is rather weak implies that 7^^ > ujq in 
our device. Stronger damping is observed at the triple 
points where the behavior of the device is similar to that 
of the conventional rf single-electron transistor (23 |. 

Of particular interest is the phase signal along the po- 
larization line which reflects the movement of electrons 
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between the quantum dots, i.e. transitions between the 
(n + 1, m) and (n, m + 1) charge states. In this case, the 
amphtude and width of the signal is not set by tempera- 
ture but the tunnel coupling t. More precisely, it has been 
predicted [4] that, Ceff = e^/3^/4t, where here /3 ^ 0.6 
converts between Vrf and detuning cl — €r. The pre- 
dictions can be directly verified with our experiments. 
The tunnel coupling can be deduced from the stability 
diagram [25], yielding t ^ 40 /ieV, and the estimate for 
Ceff ~ 0.46 fF therefore has no free parameters. This re- 
sult is in excellent agreement with the experimental data 
of Fig. 3(a) where we measure a phase shift of ~ 0.11 
degrees, roughly a factor ^ 2 smaller than that observed 
at the (n, m) — (n + 1, m) transition, as also seen in the 
model calculation of Fig. 3(c). 

We note that we did not observe spin blockade in dc 
transport experiments on the carbon nanotube double 
quantum dot studied here and the effect is therefore not 
taken into account in the analysis. Nevertheless, spin 
blockade has been observed previously in carbon nano- 
tubes [lo|,[ll|,[l3|- In the spin blockade regime, transitions 
between a (1,1) and (0,2) charge state directly depend on 
whether the (1,1) state is a singlet or triplet. Since the 
(0,2) charge state is a singlet by virtue of the Pauli prin- 
ciple the (1,1) triplet state will be a blocked state which 
is reflected in the admittance [4]. Measurements of the 
admittance of a carbon nanotube double quantum dot 
as demonstrated here can therefore also be used for spin 
state readout [7]. 

In conclusion, we have measured the complex admit- 
tance of a carbon nanotube double quantum using rf re- 
fiectometry. The results are in quantitative agreement 
with a theoretical model of the device of which several 
limiting cases are discussed in detail. The demonstrated 
technique is of particular interest as a tool for fast and 
sensitive charge and spin state readout of carbon nano- 
tube quantum dots. A further interesting possibility is to 
extend the measurement to the coherent limit where the 
nanotubes are more strongly coupled to the leads. This 
should allow the observation of a quantized charge re- 
laxation resistance [5] and possible deviations thereof in 
long nanotubes for which interactions (Luttinger liquid 
physics) become important [26l. l27j. 
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